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Abstract
In this paper, we solve the generalized Hyers–Ulam–Rassias stability problem for Euler–Lagrange type
cubic functional equations
f (ax + y) + f (x + ay) = (a + 1)(a − 1)2[f (x) + f (y)]+ a(a + 1)f (x + y)
for mappings f :X → Y in quasi-Banach spaces and for fixed integers a with a = 0,±1. In addition, we
also present a counterexample that does not satisfy the stability based on Ulam’s question.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
In 1940, S.M. Ulam [24] gave a question concerning the stability of group homomorphisms:
Let G1 be a group and let G2 be a metric group with the metric d(·,·). Given ε > 0, does there
exist a δ > 0 such that if a mapping h :G1 → G2 satisfies the inequality d(h(xy),h(x)h(y)) < δ
for all x, y ∈ G1, then there exists a homomorphism H :G1 → G2 with d(h(x),H(x)) < ε for
all x ∈ G1? In other words, if a mapping is almost a homomorphism, then there exists a true
homomorphism near it with small error as much as possible. If the answer is affirmative, we
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our attention to the case of functional equations, we can ask the question: When the solutions
of an equation differing slightly from a given one must be close to the true solution of the given
equation. The case of approximately additive mappings was solved by D.H. Hyers [8] under the
assumption that G1 and G2 are Banach spaces. In 1978, a generalized version of the theorem
of Hyers for approximately linear mappings was given by Th.M. Rassias [18]. During the last
decades, the stability problems of several functional equations have been extensively investigated
by a number of authors [2,7,12,14]. The terminology Hyers–Ulam–Rassias stability originates
from these historical backgrounds and this terminology is also applied to the case of other func-
tional equations. For more detailed definitions of such terminologies, we can refer to [1,9,10,19,
20].
A stability problem of Ulam for the quadratic functional equation
f (x + y) + f (x − y) = 2f (x) + 2f (y) (1.1)
was proved by F. Skof for mapping f :E1 → E2, where E1 is a normed space and E2 a Ba-
nach space [22]. In the papers [4,5], S. Czerwik proved the Hyers–Ulam–Rassias stability of
the quadratic functional equation (1.1). In particular, J.M. Rassias [15,16] solved the stability
problem of Ulam for the Euler–Lagrange type quadratic functional equation
f (rx + sy) + f (sx − ry) = (r2 + s2)[f (x) + f (y)] (1.2)
for fixed reals r, s with r = 0, s = 0. Furthermore, K. Jun and Y. Lee [11] proved the Hyers–
Ulam–Rassias stability of the Pexiderized quadratic equation (1.1).
Let both E1 and E2 be real vector spaces. K. Jun and H. Kim [12] proved that a mapping
f :E1 → E2 satisfies the functional equation
f (2x + y) + f (2x − y) = 2f (x + y) + 2f (x − y) + 12f (x) (1.3)
if and only if there exists a mapping B :E1 ×E1 ×E1 → E2 such that f (x) = B(x, x, x) for all
x ∈ E1, where B , defined by
B(x, y, z) = 1
24
[
f (x + y + z) + f (x − y − z) − f (x + y − z) − f (x − y + z)]
for all x, y, z ∈ E1, is symmetric for each fixed one variable and additive for each fixed two
variables. It is easy to see that the functional equation (1.3) is equivalent to a cubic functional
equation
C(2x + y) + C(x − y) + 3C(y) = 3C(x + y) + 6C(x)
and every solution of the cubic functional equation is said to be a cubic mapping [17]. Now, we
deal with the following cubic functional equation, which is equivalent to (1.3) [13],
f (ax + y) + f (ax − y) = af (x + y) + af (x − y) + 2a(a2 − 1)f (x) (1.4)
for fixed integers a with a = 0,±1, and the generalized cubic functional equation
f (ax + by) + f (bx + ay) = (a + b)(a − b)2[f (x) + f (y)]+ ab(a + b)f (x + y) (1.5)
for fixed integers a, b with a = 0, b = 0, and a ± b = 0. For the same reason as Eq. (1.2),
Eq. (1.5) is called an Euler–Lagrange type cubic functional equation and its solution an Euler–
Lagrange type cubic mapping [15,16].
We recall some basic facts concerning quasi-Banach spaces and some preliminary results.
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satisfying the following:
(1) ‖x‖ 0 for all x ∈ X and ‖x‖ = 0 if and only if x = 0.
(2) ‖λx‖ = |λ| · ‖x‖ for all λ ∈ R and all x ∈ X.
(3) There is a constant K  1 such that ‖x + y‖K(‖x‖ + ‖y‖) for all x, y ∈ X.
The pair (X,‖ · ‖) is called a quasi-normed space if ‖ · ‖ is a quasi-norm on X. The smallest
possible K is called the modulus of concavity of ‖ · ‖. A quasi-Banach space is a complete
quasi-normed space.
A quasi-norm ‖ · ‖ is called a p-norm (0 < p  1) if
‖x + y‖p  ‖x‖p + ‖y‖p
for all x, y ∈ X. In this case, a quasi-Banach space is called a p-Banach space.
Given a p-norm, the formula d(x, y) := ‖x − y‖p gives us a translation invariant metric
on X. By the Aoki–Rolewicz theorem [21] (see also [3]), each quasi-norm is equivalent to
some p-norm. Since it is much easier to work with p-norms than quasi-norms, henceforth we
restrict our attention mainly to p-norms. In [23], J. Tabor has investigated a version of the Hyers–
Rassias–Gajda theorem (see [6,18]) in quasi-Banach spaces.
The main purpose of this paper is to prove the stability problem for the Euler–Lagrange type
equation (1.5) for integers a, b with a = 0,±1, and b = 1,
f (ax + y) + f (x + ay) = (a + 1)(a − 1)2[f (x) + f (y)]+ a(a + 1)f (x + y) (1.6)
and to present a counterexample that does not satisfy the stability problem in the sense of Ulam,
Hyers and Rassias. As corollaries, we obtain the generalized results of the Hyers–Ulam–Rassias
stability theorem for Eq. (1.6) in Banach spaces.
2. Existence of solution for Eq. (1.5)
Let E1 and E2 be real vector spaces. We observe that the functional equation (1.3) is equiva-
lent to the functional equation (1.4) [13].
Theorem 2.1. If a mapping f :E1 → E2 satisfies the functional equation (1.3), then f satisfies
the functional equation (1.5).
Proof. Let a be a fixed integer with a = 0,±1, First, it is noted that Eq. (1.4) also implies the
following equation
f (bx + y) + f (bx − y) = bf (x + y) + bf (x − y) + 2b(b2 − 1)f (x) (2.1)
for all integers b with b = 0,±1 [13]. Setting x = 0, y = 0 in (2.1) separately, one gets that f is
odd and f (bx) = b3f (x). Substituting y with by into (2.1) and dividing it by b one gets
b2f (x + y) + b2f (x − y) = f (x + by) + f (x − by) + 2(b2 − 1)f (x) (2.2)
for all integers b with b = −1,0,1. Using (2.1) and (2.2) we obtain
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= bf (x + y) + bf (x − y) + b2f (x + y) + b2f (x − y) + 2b(b2 − 1)f (x). (2.3)
Switching x with y in (2.3) and associating the resulting equation with (2.3) through the aid of
oddness of f, one gets that
f (bx + y) + f (x + by) = (b + 1)(b − 1)2[f (x) + f (y)]+ b(b + 1)f (x + y) (2.4)
for all integers b with b = −1,0,1.
In fact, if b = 1 in (1.5), Eq. (1.5) itself reduces (2.4) with a instead of b. Replacing y by by
in (1.4), we figure out by (2.2)
f (ax + by) + f (ax − by)
= af (x + by) + af (x − by) + 2a(a2 − 1)f (x)
= a[b2f (x + y) + b2f (x − y) − 2(b2 − 1)f (x)]+ 2a(a2 − 1)f (x)
= ab2[f (x + y) + f (x − y)]+ 2a(a2 − b2)f (x)
for any integers a, b with a = 0, b = 0, and a ± b = 0. Setting y by ay in (2.4), we get
f (bx + ay) + f (x + aby)
= (b + 1)(b − 1)2[f (x) + a3f (y)]+ b(b + 1)f (x + ay). (2.5)
Switching x with y in (2.5) and then adding the resulting equations, one gets
f (ax + by) + f (bx + ay) + f (x + aby) + f (abx + y)
= (b + 1)(b − 1)2(a3 + 1)[f (x) + f (y)]+ b(b + 1)[f (x + ay) + f (ax + y)]. (2.6)
In view of (2.4), we observe that
f (x + aby) + f (abx + y) = (ab + 1)(ab − 1)2[f (x) + f (y)]+ ab(ab + 1)f (x + y).
Applying the last equation and (2.4) to (2.6), one gets the desired equation (1.5). This completes
the proof. 
Remark 2.2. We note that a mapping f is a cubic mapping if and only if f satisfies the equation
f (2x + y) + f (x + 2y) = 6f (x + y) + 3f (x) + 3f (y),
or the equation
f (3x + y) + f (x + 3y) = 12f (x + y) + 16f (x) + 16f (y) (2.7)
for all x, y [12]. Moreover, it is interesting to prove that Eq. (1.4) is equivalent to Eqs. (1.5)
and (1.6).
Now we present the following theorem which is essential to prove the main result.
Theorem 2.3. If f :R → R is a cubic mapping and continuous at one point, then f is continuous
on R and f (x) = f (1)x3 for all x ∈ R.
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33f (x0 + xn3 ) → 33f (x0) as n → ∞. Thus, from the equation
f (3x0 + xn) + f (x0 + 3xn) − 12f (x0 + xn) − 16f (x0) = 16f (xn),
we obtain that f (xn) → 0 as n → ∞. Hence f is continuous at x = 0 and thus it is bounded
on an interval [−r, r] 	 0 for some positive rational number r . It is not difficult to show that a
cubic mapping subject to (2.7) satisfies f (tx) = t3f (x) for all rational numbers t and for all real
numbers x.
Now we introduce the mapping
F(x) := f (x) − x3f (1), x ∈ R,
which is bounded on [−r, r] and satisfies the functional equation (1.6) for all x, y ∈ R, and hence
F(t) = 0 for all rational numbers t .
Let B = sup{|F(x)|: x ∈ [−r, r]}. We claim that B is exactly zero. Suppose B > 0. Then
there exists an a0 ∈ (−r, r) such that
∣∣F(a0)∣∣> 2627B. (2.8)
Since F is cubic and odd, we may assume without loss of generality that the element a0 lies
in the interval (0, r).
If 0 < a0 < 5r6 , then by choosing an element y with 0 < 3a0 := y + r3 < 5r2 we obtain
−r
3
< y <
13r
6
,
2r
3
< y + r < 19r
6
and
8r
3
< y + 3r < 31r
6
.
Thus the equation F(3y + r) + F(y + 3r) = 12F(y + r) + 16F(y) + 16F(r) implies
27F
(
y + r
3
)
= −
(
31
6
)3
F
(
6(y + 3r)
31
)
+ 12
(
19
6
)3
F
(
6(y + r)
19
)
+ 16
(
13
6
)3
F
(
6
13
y
)
,
which yields
27
∣∣∣∣F
(
y + r
3
)∣∣∣∣
(
31
6
)3
B + 12
(
19
6
)3
B + 16
(
13
6
)3
B  682B, or
∣∣F(a0)∣∣= 127
∣∣∣∣F
(
y + r
3
)∣∣∣∣ 2627B.
The last inequality contradicts to the inequality (2.8).
If 5r6  a0 < r, then by setting 5r < 6a0 := y + 6r < 6r, we have that −r < y < 0,
r < y + 2r < 2r and −r < 3y + 2r < 2r . Thus the equation F(3y + 2r) + F(y + 6r) =
12F(y + 2r) + 16F(y) + 16F(2r) implies
F(6a0) = F(y + 6r) = −8F
(
3y + 2r
2
)
+ 12 · 8F
(
y + 2r
2
)
+ 16F(y),
which yields
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∣∣F(6a0)∣∣ 120216B = 59B.
This inequality contradicts to the inequality (2.8).
Therefore we must have B = 0 and thus F = 0 on [−r, r]. For every real number x, there
exists a rational number q = 0 such that qx ∈ [−r, r]. Hence we get that q3F(x) = F(qx) = 0,
and so F(x) = 0. Consequently, we obtain that f (x) = x3f (1) for all x ∈ R. This completes the
proof of the theorem. 
Corollary 2.4. If a mapping f :R → R is measurable which satisfies (1.3), then f is continuous
on R and f (x) = f (1)x3 for all x ∈ R.
Proof. According to the well-known Lusin’s theorem, a measurable mapping is continuous on
a closed set, of which the measure of complement is arbitrarily small. Theorem 2.3 implies the
continuity of this mapping. 
3. Generalized Hyers–Ulam–Rassias stability
Throughout this section, let X be a quasi-normed space and let Y be a quasi-Banach space
unless we give any specific reference. Let K be the modulus of concavity of ‖ · ‖. We will inves-
tigate the generalized Hyers–Ulam–Rassias stability problem for the functional equation (1.6).
Thus we find the condition that there exists a true cubic mapping near an approximately cubic
mapping.
Theorem 3.1. Suppose that there exists a mapping φ :X2 → R+ := [0,∞) for which a mapping
f :X → Y satisfies∥∥f (ax + y) + f (x + ay) − (a + 1)(a − 1)2[f (x) + f (y)]− a(a + 1)f (x + y)∥∥
 φ(x, y) (3.1)
and the series
∞∑
i=0
(
K
|a|3
)i
φ
(
aix, aiy
) (3.2)
converges for all x, y ∈ X. Then there exists a unique Euler–Lagrange type cubic mapping
T :X → Y which satisfies Eq. (1.6) and the inequality
∥∥∥∥f (x) + (a2 − 1)f (0)a2 + a + 1 − T (x)
∥∥∥∥ K|a|3
∞∑
i=0
(
K
|a|3
)i
φ
(
aix,0
) (3.3)
for all x ∈ X. The mapping T is given by
T (x) = lim
n→∞
f (anx)
a3n
(3.4)
for all x ∈ X.
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2f (0)
a3
∥∥∥∥ 1|a|3 φ(x,0),
which is written by∥∥∥∥g(x) − g(ax)a3
∥∥∥∥ 1|a|3 φ(x,0) (3.5)
for all x ∈ X, where g(x) := f (x) + c, and c := (a2−1)f (0)
a2+a+1 . Replacing x by a
ix in (3.5) and
dividing by |a|3i , one gets∥∥∥∥g(aix)a3i − g(a
i+1x)
a3(i+1)
∥∥∥∥ 1|a|3 φ(a
ix,0)
|a|3i (3.6)
for all x ∈ X. Using the induction argument on n and summing up the resulting inequality for
i = 0, . . . , n − 1 in (3.6), we show that∥∥∥∥g(x) − g(anx)a3n
∥∥∥∥ K|a|3
n−2∑
i=0
(
K
|a|3
)i
φ
(
aix,0
)+ 1|a|3
(
K
|a|3
)n−1
φ
(
an−1x,0
) (3.7)
for all x ∈ X and all n > 1, which is considered to be (3.5) for n = 1. Now, we figure out by (3.7)
for n + 1∥∥∥∥g(x) − g(an+1x)a3(n+1)
∥∥∥∥
K
∥∥∥∥g(x) − g(ax)a3
∥∥∥∥+ K
∥∥∥∥g(ax)a3 − g(a
n+1x)
a3(n+1)
∥∥∥∥
 K|a|3 φ(x,0) +
K
|a|3
∥∥∥∥g(ax) − g(anax)a3n
∥∥∥∥
 K|a|3 φ(x,0) +
K2
|a|6
n−2∑
i=0
(
K
|a|3
)i
φ
(
aiax,0
)+ K|a|6
(
K
|a|3
)n−1
φ
(
anx,0
)
= K|a|3
n−1∑
i=0
(
K
|a|3
)i
φ
(
aix,0
)+ 1|a|3
(
K
|a|3
)n
φ
(
anx,0
)
for all x ∈ X, which proves the inequality (3.7) for n + 1.
Let us prove the sequence { g(anx)
a3n
} is convergent for all x ∈ X. Dividing the inequality (3.7)
by |a|3m and also replacing x by amx, we see by (3.7) that for n,m > 0,∥∥∥∥g(an+mx)a3(n+m) − g(a
mx)
a3m
∥∥∥∥
= 1|a|3m
∥∥∥∥g(anamx)a3n − g
(
amx
)∥∥∥∥
 K|a|3m+3
n−2∑( K
|a|3
)i
φ
(
aiamx,0
)+ 1|a|3m+3
(
K
|a|3
)n−1
φ
(
an−1amx,0
)
i=0
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Km|a|3
n−2∑
i=0
(
K
|a|3
)m+i
φ
(
am+ix,0
)+ 1
Km|a|3
(
K
|a|3
)m+n−1
φ
(
am+n−1x,0
)
. (3.8)
Since the right-hand side of the inequality tends to 0 as m → ∞, the sequence { g(anx)
a3n
} is a
Cauchy sequence in the quasi-Banach space Y . Therefore, we may define
T (x) = lim
n→∞
g(anx)
a3n
= lim
n→∞
f (anx)
a3n
for all x ∈ X. Then by letting n → ∞ in (3.7), we arrive at the formula (3.3).
Now we show that the given mapping T satisfies Eq. (1.6). Replace x, y by anx, any, respec-
tively, in (3.1) and divide it by |a|3n. Then it follows that(
1
|a|3
)n∥∥f (an(ax + y))+ f (an(x + ay))− (a + 1)(a − 1)2[f (anx)+ f (any)]
− a(a + 1)f (an(x + y))∥∥

(
K
|a|3
)n∥∥f (an(ax + y))+ f (an(x + ay))− (a + 1)(a − 1)2[f (anx)+ f (any)]
− a(a + 1)f (an(x + y))∥∥

(
K
|a|3
)n
φ
(
anx, any
)
for all x, y ∈ X. Taking the limit as n → ∞, we find by definition of T that T satisfies (1.6) for
all x, y ∈ X.
Let us assume that there exists a cubic mapping S :X → Y which satisfies (1.6) and the in-
equality (3.3). Obviously, we have S(anx) = a3nS(x) and T (anx) = a3nT (x) for all x ∈ X and
n ∈ N. Hence it follows from (3.3) that∥∥S(x) − T (x)∥∥= |a|−3n∥∥S(anx)− T (anx)∥∥
 |a|−3n(∥∥S(anx)− f (anx)− c∥∥+ ∥∥f (anx)+ c − T (anx)∥∥)
 2K|a|3
∞∑
i=0
(
K
|a|3
)n+i
φ
(
an+ix,0
)
for all x ∈ X. By letting n → ∞ in the preceding inequality, we immediately have the uniqueness
of T . This completes the proof. 
Remark 3.2. More generally, it is an open problem to solve a similar stability problem for
Eq. (1.5) for fixed (integers) a, b with a = 0, b = 0, and a ± b = 0.
Theorem 3.3. Suppose that there exists a mapping φ :X2 → R+ for which a mapping f :X → Y
satisfies∥∥f (ax + y) + f (x + ay) − (a + 1)(a − 1)2[f (x) + f (y)]− a(a + 1)f (x + y)∥∥
 φ(x, y) (3.9)
and the series
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i=1
(|a|3K)iφ( x
ai
,
y
ai
)
(3.10)
converges for all x, y ∈ X. Then there exists a unique Euler–Lagrange type cubic mapping
T :X → Y which satisfies Eq. (1.6) and the inequality
∥∥f (x) − T (x)∥∥ 1|a|3
∞∑
i=1
(|a|3K)iφ( x
ai
,0
)
(3.11)
for all x ∈ X. The mapping T is given by
T (x) = lim
n→∞a
3nf
(
x
an
)
(3.12)
for all x ∈ X.
Proof. The proof of assertion in the theorem is similarly proved by the following inequality due
to (3.5)∥∥∥∥g(x) − a3ng
(
x
an
)∥∥∥∥ 1|a|3
n−1∑
i=1
(|a|3K)iφ( x
ai
,0
)
+ 1|a|3K
(|a|3K)nφ( x
an
,0
)
for all integers n > 1 and all x ∈ X. In this case, we must have f (0) = 0 because φ(0,0) = 0 by
assumption. 
From the main Theorems 3.1 and 3.3, we obtain the following corollary concerning the sta-
bility of Eq. (1.6).
Corollary 3.4. Let ε, r be nonnegative real numbers. Suppose that a mapping f :X → Y satisfies∥∥f (ax + y) + f (x + ay) − (a + 1)(a − 1)2[f (x) + f (y)]− a(a + 1)f (x + y)∥∥
 ε
(‖x‖r + ‖y‖r) (3.13)
for all x, y ∈ X. Then there exists a unique Euler–Lagrange type cubic mapping T :X → Y
which satisfies Eq. (1.6) and the inequality
∥∥∥∥f (x) + (a2 − 1)f (0)a2 + a + 1 − T (x)
∥∥∥∥
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
Kε‖x‖r
|a|3−K|a|r , if r − 3 < −log|a|K and |a| > 1
(r − 3 > − log|a| K and |a| < 1)
Kε‖x‖r
|a|r−K|a|3 , if r − 3 > log|a|K and |a| > 1
(r − 3 < log|a| K and |a| < 1)
⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
for all x ∈ X, where f (0) = 0 if r > 0. The mapping T is given by
T (x) =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
limn→∞ f (a
nx)
a3n
, if r − 3 < −log|a|K and |a| > 1
(r − 3 > − log|a| K and |a| < 1)
limn→∞ a3nf ( xan ), if r − 3 > log|a|K and |a| > 1
(r − 3 < log|a| K and |a| < 1)
⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
for all x ∈ X.
Remark 3.5. It is an open problem to investigate the stability problem of Ulam for the case of r
with −log|a|K  r − 3 log|a|K in Corollary 3.4.
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was excluded in Corollary 3.4. In fact, the functional equation (1.6) is not stable for r = 3,K = 1
in (3.13) as we shall see in the example, which is a modification of the example of S. Czerwik [4]
or Z. Gajda [6] for the quadratic or additive functional inequality.
Example 3.6. Let φ :R → R be defined by
φ(x) =
{
μx3 if |x| < 1,
μ otherwise,
where μ > 0 is a constant, and define f :R → R by
f (x) =
∞∑
n=0
φ(3nx)
27n
for all x ∈ R.
Then f satisfies the functional inequality∣∣f (3x + y) + f (x + 3y) − 12f (x + y) − 16f (x) − 16f (y)∣∣
 23 · 27
3
13
μ
(|x|3 + |y|3) (3.14)
for all x, y ∈ R, but there do not exist a cubic mapping T :R → R and a constant β > 0 such
that ∣∣f (x) − T (x)∣∣ β|x|3 for all x ∈ R. (3.15)
Proof. It is easy to see that f is bounded by 27μ26 on R. If |x|3 + |y|3  127 or 0, then the left side
of (3.14) is less than 62113 μ, and thus (3.14) is true. Now suppose that 0 < |x|3 + |y|3 < 127 . Then
there exists a positive integer k such that
1
27k+2
 |x|3 + |y|3 < 1
27k+1
, (3.16)
so that 27k|x|3 < 127 , 27k|y|3 < 127 and 3k−1(3x + y), 3k−1(x + 3y), 3k−1(x + y), 3k−1x, 3k−1y
all belong to the interval (−1,1). Hence, for n = 0,1, . . . , k − 1,
φ
(
3n(3x + y))+ φ(3n(x + 3y))− 12φ(3n(x + y))− 16φ(3nx)− 16φ(3ny)= 0.
From the definition of f and the inequality (3.16), we obtain that∣∣f (3x + y) + f (x + 3y) − 12f (x + y) − 16f (x) − 16f (y)∣∣

∞∑
n=0
1
27n
∣∣φ(3n(3x + y))+ φ(3n(x + 3y))
− 12φ(3n(x + y))− 16φ(3nx)− 16φ(3ny)∣∣

∞∑
n=k
1
27n
46μ = 23μ
13
27(1−k)  23 · 27
3μ
13
(|x|3 + |y|3) (3.17)
for all x, y ∈ R with 0 < |x|3 + |y|3 < 1 . Thus f satisfies (3.14) for all x, y ∈ R.27
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Suppose on the contrary that there exist a cubic mapping T :R → R and a constant β > 0 satis-
fying (3.15). Since f is bounded and continuous for all x ∈ R, T is bounded on any open interval
containing the origin and continuous at the origin. In view of Theorem 2.3, T must have the form
T (x) = ηx3 for any x in R. Thus we obtain that∣∣f (x)∣∣ (β + |η|)|x|3 for all x ∈ R. (3.18)
But we can choose a positive integer m with mμ > β + |η|. If x ∈ (0, 13m−1 ), then 3nx ∈ (0,1)
for all n = 0,1, . . . ,m − 1, and for this x we get
f (x) =
∞∑
n=0
φ(3nx)
27n

m−1∑
n=0
μ(3nx)3
27n
= mμx3 > (β + |η|)x3,
which contradicts (3.18). Therefore the cubic functional equation (1.6) is not stable in sense of
Ulam, Hyers and Rassias if r = 3 and K = 1 are assumed in the inequality (3.13). 
We now prove the Hyers–Ulam–Rassias stability of the functional equation (1.6) in p-Banach
spaces.
Theorem 3.7. Assume that X is a quasi-normed space and that Y is a p-Banach space with
norm ‖ · ‖. Suppose that there exists a mapping φ :X2 → R+ for which a mapping f :X → Y
satisfies∥∥f (ax + y) + f (x + ay) − (a + 1)(a − 1)2[f (x) + f (y)]− a(a + 1)f (x + y)∥∥
 φ(x, y) (3.19)
and the series
∞∑
i=0
φ(aix, aiy)
p
|a|3pi (3.20)
converges for all x, y ∈ X. Then there exists a unique Euler–Lagrange type cubic mapping
T :X → Y, given by (3.4), which satisfies Eq. (1.6) and the inequality∥∥∥∥f (x) + (a2 − 1)f (0)a2 + a + 1 − T (x)
∥∥∥∥ 1|a|3
[ ∞∑
i=0
φ(aix,0)p
|a|3pi
]1/p
(3.21)
for all x ∈ X.
Proof. It follows by the inequality (3.6) and the definition of p-norm that∥∥∥∥g(alx)a3l − g(a
mx)
a3m
∥∥∥∥
p

m−1∑
i=l
∥∥∥∥g(aix)a3i − g(a
i+1x)
a3(i+1)
∥∥∥∥
p
 1|a|3p
m−1∑
i=l
1
a3pi
φ
(
aix,0
)p (3.22)
for all x ∈ X and all integers l,m with m > l  0. Thus we obtain that the sequence { g(amx)
a3m
} is a
Cauchy sequence and converges for all x ∈ X by completeness of Y . Therefore, we may define
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m→∞
g(amx)
a3m
= lim
m→∞
f (amx)
a3m
for all x ∈ X. Then by letting l = 0 and passing m → ∞ in (3.22), we arrive at the desired
approximation (3.21) of f by T .
Now we show that the given mapping T satisfies Eq. (1.6). Replace x, y by amx,amy, re-
spectively, in (3.19) and divide it by |a|3m. Then it follows that∥∥T (ax + y) + T (x + ay) − (a + 1)(a − 1)2[T (x) + T (y)]− a(a + 1)T (x + y)∥∥p
= lim
m→∞
1
|a|3mp
∥∥f (am(ax + y))+ f (am(x + ay))
− (a + 1)(a − 1)2[f (amx)+ f (amy)]− a(a + 1)f (am(x + y))∥∥p
 lim
m→∞
φ(amx,amy)p
|a|3mp
for all x, y ∈ X. Taking the limit as m → ∞, we find by definition of T that T satisfies (1.6) for
all x, y ∈ X.
Let us assume that there exists a cubic mapping S :X → Y which satisfies (1.6) and the in-
equality (3.21). Obviously, we have S(amx) = a3mS(x) and T (amx) = a3mT (x) for all x ∈ X
and m ∈ N. Hence it follows from (3.21) that∥∥S(x) − T (x)∥∥p = |a|−3mp∥∥S(amx)− T (amx)∥∥p
 |a|−3mp(∥∥S(amx)− f (amx)− c∥∥p + ∥∥f (amx)+ c − T (amx)∥∥p)
 2|a|3p
∞∑
i=0
φ(am+ix,0)p
|a|3(m+i)p
for all x ∈ X. By letting m → ∞ in the preceding inequality, we immediately have the uniqueness
of T . 
Theorem 3.8. Assume that X is a quasi-normed space and that Y is a p-Banach space with
norm ‖ · ‖. Suppose that there exists a mapping φ :X2 → R+ for which a mapping f :X → Y
satisfies∥∥f (ax + y) + f (x + ay) − (a + 1)(a − 1)2[f (x) + f (y)]− a(a + 1)f (x + y)∥∥
 φ(x, y) (3.23)
and the series
∞∑
i=1
|a|3piφ
(
x
ai
,
y
ai
)p
(3.24)
converges for all x, y ∈ X. Then there exists a unique Euler–Lagrange type cubic mapping
T :X → Y, defined by (3.12), which satisfies Eq. (1.6) and the inequality
∥∥f (x) − T (x)∥∥ 1|a|3
[ ∞∑
i=1
|a|3piφ
(
x
ai
,0
)p]1/p
(3.25)
for all x ∈ X.
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Corollary 3.9. Let r and ε be nonnegative real numbers with r = 3. Let f :X → Y be a mapping
such that∥∥f (ax + y) + f (x + ay) − (a + 1)(a − 1)2[f (x) + f (y)]− a(a + 1)f (x + y)∥∥
 ε
(‖x‖r + ‖y‖r)
for all x, y ∈ X. Then there exists a unique cubic mapping T :X → Y which satisfies Eq. (1.6)
and the inequality∥∥∥∥f (x) + (a2 − 1)f (0)a2 + a + 1 − T (x)
∥∥∥∥ ε‖x‖rp√| |a|3p − |a|rp |
for all x ∈ X.
Remark 3.10. The result for the case K = 1 in Theorem 3.1 (Theorem 3.3, Corollary 3.4, respec-
tively) is the same as the result for the case p = 1 in Theorem 3.7 (Theorem 3.8, Corollary 3.9,
respectively).
4. Stability in quasi-Banach B-modules
Let B be a unital Banach algebra with norm | · | and B1 := {u ∈ B | |u| = 1}, and let BM1
and BM2 be Banach left B-modules. As an application, we consider the following cubic func-
tional equation
f (3x + y) + f (x + 3y) = 12f (x + y) + 16f (x) + 16f (y)
for all x, y ∈ BM1 in the next part of this section. A cubic mapping T : BM1 → BM2 is called
B-cubic if
T (ax) = a3T (x), ∀a ∈ B, ∀x ∈ BM1.
Theorem 4.1. Let BM1 and BM2 be quasi-Banach left B-modules with norms || · || and ‖ · ‖,
respectively. Suppose that a mapping f : BM1 → BM2 satisfies∥∥f (3ux + uy) + f (ux + 3uy) − u316[f (x) + f (y)]− u312f (x + y)∥∥ φ(x, y)
and φ : BM1 × BM1 → [0,∞) is a mapping satisfying the condition
∞∑
i=0
(
K
33
)i
φ
(
3ix,3iy
)
< ∞
for all u ∈ B1 and all x, y ∈ BM1. If f is measurable or f (tx) is continuous in t ∈ R for
each fixed x ∈ BM1, then there exists a unique B-cubic mapping T : BM1 → BM2, defined by
T (x) = limn→∞ f (3nx)33n , which satisfies Eq. (2.7) and the inequality∥∥∥∥f (x) + 8f (0)13 − T (x)
∥∥∥∥ K33
∞∑
i=0
(
K
33
)i
φ
(
3ix,0
) (4.1)
for all x ∈ BM1.
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exists a unique cubic mapping T : BM1 → BM2, defined by T (x) = limn→∞ f (3nx)33n , which satis-
fies Eq. (2.7) and the inequality (4.1) for all x ∈ BM1. Furthermore, suppose that f is measurable
or the mapping f (tx) is continuous in t ∈ R for each fixed x ∈ BM1. For any continuous linear
functional L defined on X, let ϕ :R → R be given by
ϕ(t) := L[T (tx)]
for t ∈ R, where x is fixed. Then ϕ is a cubic mapping and, moreover, is also measurable since
it is the pointwise limit of the sequence
ϕn(t) := a−3nL
[
f
(
antx
)]
.
Hence it has the form ϕ(t) = t3ϕ(1) for all t ∈ R by Corollary 2.4. Therefore one obtains that
for each fixed x ∈ X and all t ∈ R
L
[
T (tx)
]= ϕ(t) = t3ϕ(1) = t3L[T (x)]= L[t3T (x)],
which implies the condition
T (tx) = t3T (x), ∀x ∈ BM1, ∀t ∈ R.
That is, T is R-cubic. For each fixed u ∈ B1, it follows by definition of T that∥∥T (3ux + uy) + T (ux + 3uy) − u316[T (x) + T (y)]− u312T (x + y)∥∥
= lim
n→∞
(
1
33
)n∥∥f (3ux + uy) + f (ux + 3uy) − u316[f (x) + f (y)]− u312f (x + y)∥∥
 lim
n→∞
(
K
33
)i
φ
(
3nx,3ny
)= 0
for all u ∈ B1 and all x, y ∈ BM1. Hence setting y = 0 in the last equation, we have
T (ux) = u3T (x)
for all u ∈ B1 and all x ∈ BM1. The last equation is also true for u = 0. Since T is R-cubic and
T (ux) = u3T (x) for each element u ∈ B1, we obtain that for each nonzero element b ∈ B
T (bx) = T
(
|b| · b|b|x
)
= |b|3 · T
(
b
|b|x
)
= |b|3 · b
3
|b|3 · T (x) = b
3T (x), ∀x ∈ BM1.
So the unique R-cubic mapping T : BM1 → BM2 is furthermore B-cubic, as desired. This com-
pletes the proof of the theorem. 
The following theorem is an alternative result of Theorem 4.1.
Theorem 4.2. Let BM1 and BM2 be quasi-Banach left B-modules. Suppose that a mapping
f : BM1 → BM2 satisfies∥∥u3f (3x + y) + u3f (x + 3y) − 16[f (ux) + f (uy)]− 12f (ux + uy)∥∥ φ(x, y)
and φ : BM1 × BM1 → [0,∞) is a mapping satisfying the condition
∞∑(
33K
)i
φ
(
x
3i
,
y
3i
)
< ∞i=1
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each fixed x ∈ BM1, then there exists a unique B-cubic mapping T : BM1 → BM2, defined by
T (x) = limn→∞ 33nf ( x3n ), which satisfies Eq. (2.7) and the inequality
∥∥f (x) − T (x)∥∥ 1
33
∞∑
i=1
(
33K
)i
φ
(
x
3i
,0
)
for all x ∈ BM1.
Since C is a Banach algebra, the quasi-Banach spaces E1 and E2 are considered as quasi-
Banach modules over C.
The following two theorems are alternative versions of Theorem 4.1 and Theorem 4.2 in
p-Banach left B-modules.
Theorem 4.3. Let BM1 and BM2 be p-Banach left B-modules with norms || · || and ‖ · ‖, re-
spectively. Suppose that a mapping f : BM1 → BM2 satisfies∥∥f (3ux + uy) + f (ux + 3uy) − u316[f (x) + f (y)]− u312f (x + y)∥∥ φ(x, y)
and φ : BM1 × BM1 → [0,∞) is a mapping satisfying the condition
∞∑
i=0
φ(3ix,3iy)p
33pi
< ∞
for all u ∈ B1 and all x, y ∈ BM1. If f is measurable or f (tx) is continuous in t ∈ R for
each fixed x ∈ BM1, then there exists a unique B-cubic mapping T : BM1 → BM2, defined by
T (x) = limn→∞ f (3nx)33n , which satisfies Eq. (2.7) and the inequality∥∥∥∥f (x) + 8f (0)13 − T (x)
∥∥∥∥ 133
[ ∞∑
i=0
φ(3ix,0)p
33pi
]1/p
for all x ∈ BM1.
Theorem 4.4. Let BM1 and BM2 be p-Banach left B-modules with norms || · || and ‖ · ‖, re-
spectively. Suppose that a mapping f : BM1 → BM2 satisfies∥∥u3f (3x + y) + u3f (x + 3y) − 16[f (ux) + f (uy)]− 12f (ux + uy)∥∥ φ(x, y)
and φ : BM1 × BM1 → [0,∞) is a mapping satisfying the condition
∞∑
i=1
33piφ
(
x
3i
,
y
3i
)p
< ∞
for all u ∈ B1 and all x, y ∈ BM1. If f is measurable or f (tx) is continuous in t ∈ R for
each fixed x ∈ BM1, then there exists a unique B-cubic mapping T : BM1 → BM2, defined by
T (x) = limn→∞ 33nf ( x3n ), which satisfies Eq. (2.7) and the inequality
∥∥f (x) − T (x)∥∥ 1
33
[ ∞∑
i=1
33piφ
(
x
3i
,0
)p]1/p
for all x ∈ BM1.
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